The Steinitz class of a number field extension K/k is an ideal class in the ring of integers O k of k, which, together with the degree [K : k] of the extension determines the O k -module structure of O K . We call R t (k, G) the classes which are Steinitz classes of a tamely ramified G-extension of k. We will say that those classes are realizable for the group G; it is conjectured that the set of realizable classes is always a group.
Introduction
Let K/k be an extension of number fields and let O K and O k be their rings of integers. By Theorem 1.13 in [15] we know that
where I is an ideal of O k . By Theorem 1.14 in [15] the O k -module structure of O K is determined by [K : k] and the ideal class of I. This class is called Proof. Since abelian groups are obviously solvable A-groups, we have only to prove that the property of being a solvable A-group is preserved by constructions 2 and 3 in Definition 0.1.
If G, G 1 and G 2 are solvable and H is abelian, then H ⋊ µ G and G 1 × G 2 are clearly solvable.
If G is an A-group and H is abelian of order prime to that of G, then for any prime l dividing the order of H an l-Sylow subgroup of H ⋊ µ G must be a subgroup of H and thus must be abelian. If l divides the order of G then an l-Sylow subgroup of H ⋊ µ G is isomorphic to one of G and thus it is abelian, by hypothesis. So H ⋊ µ G is an A-group.
If G 1 and G 2 are A-groups, then for any prime l, an l-Sylow subgroup of G 1 × G 2 is a direct product of l-Sylow subgroups of G 1 and G 2 and hence it is abelian, and G 1 × G 2 is an A-group.
It is an open question whether the converse of the proposition is true or not.
The main result we are going to prove is that the realizable classes for a number field k and an A ′ -group G of odd order form a group; this covers many cases not previously known. Further we use the same techniques to determine R t (k, D n ) for any odd integer n.
In contrast with many other papers on the subject, we systematically use class field theory (instead of Kummer theory and cyclotomic descent).
This paper is a slightly shortened version of parts of the author's PhD thesis [5] . For earlier results see [1] , [2] , [3] , [4] , [7] , [8] , [9] , [11] , [12] , [13] , [14] , [18] , [19] and [20] .
I am very grateful to Professor Cornelius Greither and to Professor Roberto Dvornicich for their advice and for the patience they showed, assisting me in the writing of my PhD thesis with a lot of suggestions and corrections. I also wish to thank the Scuola Normale Superiore of Pisa, for its role in my mathematical education and for its support during the time I was working on my PhD thesis.
1 Preliminary results
Steinitz classes
We start recalling some well-known results about Steinitz classes.
It is a classical result (which can be deduced by Propositions 8 and 14 of chapter III of [10] ) that the discriminant of a tamely ramified Galois extension K/k of number fields is
where e p is the ramification index of p.
The discriminant is closely related to the Steinitz class by the following theorem. Theorem 1.1. Assume K is a finite Galois extension of a number field k.
(a) If its Galois group either has odd order or has a noncyclic 2-Sylow subgroup then d(K/k) is the square of an ideal and this ideal represents the Steinitz class of the extension. (b) If its Galois group is of even order with a cyclic 2-Sylow subgroup and α is any element of k whose square root generates the quadratic subextension of K/k then d(K/k)/α is the square of a fractional ideal and this ideal represents the Steinitz class of the extension.
Proposition 1.2. Suppose K/E and E/k are number fields extensions. Then st(K/k) = st(E/k) [K:E] N E/k (st(K/E)).
Proof. This is Proposition I.1.2 in [7] .
Class field theory
To prove our results we will use techniques from class field theory. We will use the notations and some results of [16] . We will denote by U p the units of a number field k completed at a prime p, by I k the idele group of k and by C k = I k /k * the idele class group. We set
For any cycle m = p p np we consider the groups
To construct number fields extensions with a given Steinitz class we will use the following results. 
and if the primes dividing the order of G do not divide m, then the extension is tame.
Proof. By Theorem IV.7.1 of [16] there exists a unique abelian extension K/k with N K/k C K = ker ϕ. By Theorem IV.6.5 in [16] the global residue symbol of K/k gives an isomorphism
and thus clearly Gal(K/k) ∼ = G. Now let K 1 and K 2 be two fields corresponding to the same residue symbol, then N K 1 /k C K 1 = N K 2 /k C K 2 and so, by Theorem IV.7.1 of [16] ,
The group ϕ([U p ]) is the inertia group for the prime p because of Theorem III.8.10 in [16] and Proposition IV.6.6 in [16] .
Let L/K and K/k be an abelian and a Galois extension of number fields respectively, such that L/k is normal, U = Gal(L/K) and ∆ = Gal(K/k). Let δ ∈ ∆, σ ∈ U and letδ,δ ′ ∈ Gal(L/k) be two extensions of δ to Gal(L/k). Thenδ ′−1δ ∈ U and, by the commutativity of U, we have that
so that we can define δ * : U → U by δ * =δ * . 
and the induced action of ∆ on U is the given one.
Proof. LetK be the maximal abelian extension of K; by standard arguments
and for δ ∈ Gal(L 1 /k) we have, using also the hypothesis of ∆-invariance,
It follows that L/k is Galois. The exactness of the sequence is obvious and the statement about the action of ∆ on U follows from Proposition II.3.3 in [16] , since the given action is the only one for which the diagram on the right commutes.
k is the group of all ideals prime to m and P m k is the group of all principal ideals generated by an element a ≡ 1 (mod p np ) for all p|m. Let K be an abelian extension of k, contained in the ray class field mod m; the cycle m is called a cycle of declaration for K/k. . By construction they must be in the given ray class. Definition 1.8. Let K/k be a finite abelian extension of number fields and let m be a cycle of declaration of K/k. We define
If ζ m is an m-th root of unity we use the notation W (k, m) = W (k, k(ζ m )). 
K∩k 1 /k /P k , then by Proposition 1.7 there exists a prime p ∤ m in the class of x, i.e., recalling also the definition of
and the opposite inclusion is trivial.
Thus we have proved that
The following results are similar to the characterizations of W (k, K) given in [7] . 
x contains infinitely many primes of absolute degree 1 splitting completely in K} W 2 = {x ∈ J k /P k : x contains a prime splitting completely in K}
Proof. Let x ∈ W (k, K) and let m be a cycle of declaration of K/k. By definition x = a·P k , where a ∈ H m K/k . By Proposition 1.7 there exist infinitely many primes of absolute degree 1 in the ray class modulo m containing a; let p be one of them, which does not ramify in K/k. Then p = a · (b), where (b) ∈ P m k , and thus p ∈ H m K/k and by Theorem IV.8.4 in [16] we can conclude that p splits completely in K. Thus x ∈ W 1 and we have proved that W (k, K) ⊆ W 1 .
Obviously W 1 ⊆ W 2 . Let x ∈ W 2 and p be a prime in x which splits completely in K. Then for any prime divisor
Recalling Proposition 1.9 we obtain that
In the case of cyclotomic extensions we obtain some further results. 
Proof. By Proposition II.3.3 in [16] ,
Of course also the restriction of
tamely ramified abelian extension of number fields and let p be a prime ideal in k whose ramification index in
Proof. This is Lemma I.2.1 of [7] .
Main results
Let G be a finite group of order m, let H = C(n 1 ) × · · · × C(n r ) be an abelian group of order n, with generators τ 1 , . . . , τ r and with n i+1 |n i . Let
be an action of G on H and let
be an exact sequence of groups such that the induced action of G on H is µ. We assume that the group G is determined, up to isomorphism, by the above exact sequence and by the action µ (this is true e.g. if |G| and |H| are coprime). We are going to study R t (k, G).
We define η G = 1 if some (and hence every) 2-Sylow subgroup of G is not cyclic 2 if some (and hence every) 2-Sylow subgroup of G is cyclic and in a similar way we define η H and η G . We will always use the letter l only for prime numbers, even if not explicitly indicated. We say that (K, k 1 , k) is of type µ if k 1 /k, K/k 1 and K/k are Galois extensions with Galois groups isomorphic to G, H and G respectively and such that the action of Gal(
as the set of those ideal classes of k 1 which are Steinitz classes of a tamely ramified extension K/k 1 for which (K, k 1 , k) is of type µ.
Some definitions and simple properties
For any τ ∈ H we definẽ
We define
and E k,µ,τ as the fixed field of
and
(τ ).
So we may consider the subgroupG
and we conclude that g = 1. We have proved that
and we have an equality if
Proof. We observe that
µ,τ and we have equalities.
Proof. By Lemma 2.3 it is obvious that
Now we assume that k 1 /k has no unramified subextensions and we prove that
where k 1 is the ray class field modulo 1, i.e. the Hilbert class field. If that is not true, then
) is ramified at a prime ramified in k 1 /k. This prime must ramify also in k 1 ∩ k 1 (ζ o(τ ) )/k, which is impossible. Thus if k 1 ∩ k(ζ o(τ ) ) = k and k 1 /k has no unramified subextensions then, recalling also Lemma 2.3,
and by Proposition 1.9 we conclude that
Some realizable classes for nonabelian groups
First of all we need a more general version of the Multiplication Lemma on page 22 in [7] by Lawrence P. Endo.
Proof. The hypotheses of the lemma imply that K 1 and K 2 are linearly disjoint over k 1 . Let us fix isomorphisms such that the action of
Let K be the fixed field of diag(H). Then, by Endo's Multiplication Lemma (page 22 in [7] ), we know that Gal(K/k 1 ) ∼ = H and that
It follows that the action of
(where the last isomorphism is given by the projection on the first component) coincides with the action µ. Hence (K, k 1 , k) is of type µ.
For any integer n ∈ N and any prime l, we denote by n(l) the power of l such that n(l)|n and l ∤ n/n(l)
in the l-Sylow subgroup H(l) of H. From now on we will assume that H is of odd order.
We recall some definitions and a classical result. 
This isomorphism is such that
Proof. This is Theorem 10.8 in [6] . The explicit description of τ may be deduced from the proof.
We will only use the above result with R = Z. Let k 1 /k be an extension of number fields with Galois group G. Let P 1 , . . . , P t be prime ideals in O k 1 , unramified over p 1 , . . . , p t ∈ N, so that the classes x i of the P i are generators of Cl(k 1 ) (they exist because of Proposition 1.7) and let P h i i = (α i ), where h i is the order of x i . We define the homomorphism (the so-called content map)
Let π P i be a prime element in (k 1 ) P i and
For any δ ∈ G let b δ,i ∈ P U P and λ δ,i,j ∈ Z (they exist thanks to the exactness of the sequence 1
Let {u 1 , . . . , u T } be the union of a system of generators of the abelian group U k 1 with {a 1 , . . . , a t } and δ∈G {b δ,1 , . . . , b δ,t }.
Let ι be the map from the class group of k to the class group of k 1 induced by the map which pushes up ideals of k to ideals of k 1 .
(⇐) Let us define
where the second component in the direct product is a free abelian group. We may extend the inclusion i : ( p )U p /U k ֒→ C k to B k by e j → y j and thus also the map π • i :
where the horizontal sequences are exact. It follows that B k ∼ = C k . Now we defineφ : B k → G byφ(a) = ϕ 0 (a) for a ∈ U p /U k andφ(e j ) = g j . This is a good definition sinceφ
By the isomorphism between B k and C k we obtain the requested ϕ :
Since the restriction of the isomorphism B k ∼ = C k to p U p /U k is the identity map, it is clear that ϕ is an extension of ϕ 0 .
The following lemma is a crucial technical result. 
In particular there exist tame extensions of k 1 of type µ with trivial Steinitz class. We can choose these extensions so that they are unramified at all infinite primes, that the discriminants are prime to a given ideal I of O k and that all their proper subextensions are ramified.
Proof. By Proposition 1.10, x contains infinitely many primes q of absolute degree 1 splitting completely in k 1 (ζ n 1 ). Let q be any such prime and let qO k 1 = δ∈G δ(Q) be its decomposition in k 1 , let g Q be a generator of κ * Q = U Q /U 1 Q . Now δ gives an isomorphism from κ * Q to κ * δ(Q) and so we may define a generator g δ(Q) = δ(g Q ) of κ * δ(Q) for any δ ∈ G. We also define generators g P of κ * P for all the other prime ideals and for any a ∈ P U P we defineh P,a ∈ Z, through gh P,a P ≡ a P (mod P).
For any prime δ(Q), dividing a prime q of absolute degree 1 splitting completely in k 1 (ζ n 1 ), let h δ(Q),a be the class ofh δ(Q),a modulo n 1 (since δ(Q) is of absolute degree 1, it follows by Lemma 1.11 that the order of g δ(Q) is a multiple of n 1 , i.e. that h δ(Q),a is well defined). The set of all the possible mT -tuples (h δ(Q),u j ) δ∈G; j=1,...,T is finite. Then it follows from the pigeonhole principle that there are infinitely many q corresponding to the same mT -tuple. Let q 1 , . . . , q r+1 be r + 1 such prime ideals and Q 1 , . . . , Q r+1 primes of k 1 dividing them. We can assume that they are distinct and that they are prime to a fixed ideal I and to P 1 , . . . , P t . Now let us define
for i = 1, . . . , r, and
Then we extend ϕ i toφ
By construction ϕ 0 is G-invariant and hence, for any δ ∈ G,
It follows that ϕ 0 (u j ) = 1 for j = 1, . . . , T and thus in particular ϕ 0 is trivial on U k 1 , on the a 1 , . . . , a t and on b δ,1 , . . . , b δ,t for any δ ∈ G. This means that ϕ 0 is well defined on ( P U P )/U k 1 and that ϕ 0 (a j ) = 1 and ϕ 0 (b δ,j ) = 1.
Then it follows from Lemma 2.9 that ϕ 0 can be extended to ϕ :
, where m = r+1 j=1 Q j , and so C m k ⊆ ker ϕ. We can also assume that ϕ(y j ) = 1, for all j. It follows from Theorem 1.3 that there is an H-Galois extension of k 1 , ramifying only in the primes above q 1 , . . . , q r+1 , with indices n j for j ∈ {1, . . . , r} and n 1 for j = r + 1.
Further the action of an element of G on one of the y j gives a combination of some b δ,i and y j , on which ϕ is trivial. Recalling that ϕ 0 is G-invariant, it follows that also the homomorphism ϕ is G-invariant and so by Proposition 1.4 and by the fact that G is identified by the exact sequence 1 → H → G → G → 1 and by the action µ (Theorem 7.41 in [17] ) we obtain an extension of type µ. Its discriminant is
Since the order of H is odd, by Theorem 1.1 the Steinitz class is ι(x) α . It is immediate to verify the additional conditions. Lemma 2.11. Let k 1 be a G-extension of k, let l be a prime dividing n, τ ∈ H(l) \ {1} and let x be any class in W (k, Z k 1 /k,µ,τ ). Then there exist extensions of k 1 of type µ, whose Steinitz classes (over k 1 ) are ι(x) α l,j , where:
We can choose these extensions so that they satisfy the additional conditions of Lemma 2.10.
Proof. By Lemma 2.10 there exists an extension K of k 1 of type µ with trivial Steinitz class and such that K/k 1 is unramified at all infinite primes, that its discriminant is prime to a given ideal I of O k and that all its subextensions are ramified. By Proposition 1.10, x contains infinitely many primes q of absolute degree 1 splitting completely in Z k 1 /k,µ,τ . Those primes obviously split completely also in the extension k 1 (ζ o(τ ) ) = k 1 Z k 1 /k,µ,τ (the equality holds by Lemma 2.2) of k 1 . We can assume that they do not ramify in k 1 /k, that they are prime to l and, by the pigeonhole principle, that there are prime ideals Q in k 1 , dividing the q, and with a fixed decomposition group D, of order f , in k 1 /k; let ρ = m/f . We choose a set ∆ of representatives of the cosets δD, with δ ∈ G. Then qO k 1 = δ∈∆ δ(Q) are the decompositions of the primes q in k 1 .
Let g Q be a generator of κ * Q = U Q /U 1 Q . Now δ ∈ ∆ gives an isomorphism from κ * Q to κ * δ(Q) and so we may define a generator
of κ * δ(Q) for any δ ∈ ∆. We know that any δ ∈ D defines an automorphism of κ * Q , of the form
Q , where λ Q,δ is an integer. We can extend δ ∈ D to aδ ∈ Gal(k 1 (ζ o(τ ) )/k) in a way such thatδ(Q) =Q, whereQ is a prime in k 1 (ζ o(τ ) ) above Q (it is enough to extend δ in some way and then to multiply it by an appropriate element of Gal(k 1 (ζ o(τ ) )/k 1 )). This element acts as a λ Q,δ -th power on κ * Q = κ * Q (the equality holds because Q splits completely in
and, recalling that the powers of ζ o(τ ) are distinct moduloQ (sinceQ is prime to l and thus to o(τ )),
Since the prime q splits completely in Z k 1 /k,µ,τ andδ(Q) =Q, we obtain that
Defining the h δ(Q),u j as in the previous lemma, the set of all the possible ρT -tuples (h δ(Q),u j ) δ∈∆; j=1,...,T is finite. Then it follows from the pigeonhole principle that there are infinitely many q corresponding to the same ρT -tuple. Let q 1 , q 2 , q 3 be 3 such prime ideals and let Q 1 , Q 2 , Q 3 be primes of k 1 dividing them. We can assume that they are distinct, that they are prime to a fixed ideal I, to P 1 , . . . , P t and to d(K/k 1 ) and that they satisfy all the above requests.
(a) Now let us define ϕ i : κ * Q i → H, for i = 1, 2, posing
Thus ϕ 1 is a D-invariant homomorphism and the same is true for ϕ 2 .
Then, for i = 1, 2, we extend ϕ i tõ
using Theorem 2.8 and we define ϕ 0 : P κ * P → H, posing
As in Lemma 2.10 we can extend ϕ 0 to a G-invariant surjective homomorphism ϕ : C k 1 → H, whose kernel contains a congruence subgroup of C k 1 and hence this is true also for
We can conclude that there exists an extension of type µ, with discrim-
Exactly as in the first case we obtain an extension of type µ with discriminant
and so its Steinitz class is ι(x) α l,2 .
(c) We define ϕ i : κ * Q i → H, for i = 1, 2, 3, posing
Now we obtain an extension of type µ with discriminant
and so its Steinitz class is ι(x) α l,3 .
Lemma 2.11 is now completely proved.
At this point we can prove the following proposition.
Proposition 2.12. Let l be a prime dividing the order n of H, which we assume to be odd, and let τ ∈ H(l), then
Proof. Let l be a prime dividing n, let τ ∈ H(l) and let x ∈ W (k, Z k 1 /k,µ,τ ). It follows from Lemma 2.5 and Lemma 2.11 that ι(x) β l is in R t (k 1 , k, µH), where:
Clearly
and so we conclude that
The next proposition is the main result we want to prove in this section.
Proposition 2.13. Let k be a number field and let G be a finite group such that for any class x ∈ R t (k, G) there exists a tame G-extension k 1 with Steinitz class x and such that every subextension of k 1 /k is ramified at some primes which are unramified in k(ζ n 1 )/k. Let H = C(n 1 ) × · · · × C(n r ) be an abelian group of odd order n and let µ be an action of G on H. We assume that the exact sequence
in which the induced action of G on H is µ, determines the group G, up to isomorphism. Then
where
Proof. Let x ∈ R t (k, G) and let k 1 be a tame G-extension of k, with Steinitz class x, and such that every subextension of k 1 /k is ramified at some primes which are unramified in k(ζ n 1 )/k. Thus it follows also that k 1 ∩ k(ζ n 1 ) = k. By Proposition 1.2, Lemma 2.4, Lemma 2.5 and Proposition 2.12 we obtain
We can conclude since the above inclusion holds for any x ∈ R t (k, G).
In this section we have only proved one inclusion concerning R t (k, G). To prove the opposite one we will need some more restrictive hypotheses. However the following lemma is true in the most general setting.
Lemma 2.14. Let (K, k 1 , k) be a tame µ-extension and let P be a prime in k 1 ramifying in K/k 1 and let p be the corresponding prime in k. Then
where x is the class of p and τ generates ([U P ], K/k 1 ).
Proof. Let e P be the ramification index of P in K/k 1 and let f p be the inertia degree of p in k 1 /k. By Lemma 1.13, P ∈ H e P ·p∞ k 1 (ζe P )/k 1 and, since the extension is tame, P ∤ e P , i.e. P is unramified in k 1 (ζ e P )/k 1 . Hence, by Theorem IV.8.4 in [16] , P splits completely in k 1 (ζ e P )/k 1 . It follows that the inertia degree of p in k 1 (ζ e P )/k is exactly the same as in k 1 /k, i.e. f p .
Let u P ∈ U P be such that its class modulo P is a generator g P of κ * P = U P /U 1 P . By Theorem III.8.10 and Proposition IV.6.6 in [16] , τ = (g P , K/k 1 ) is an element of order e P in H. An element δ ∈ Gal(k 1 (ζ e P )/k) in the decomposition group of a primeP in k 1 (ζ e P ) dividing P, induces an automorphism of κ * P = κ * P (the equality holds since P splits completely in k 1 (ζ e P )/k 1 ), given by δ(g P ) = g
where λ P,δ is an integer. Thus ζν k,µ,τ (δ) e P = δ ζ e P ≡ ζ λ P,δ e P (modP) and, recalling that the powers of ζ e P are distinct moduloP (sinceP ∤ e P ), we deduce that λ P,δ ≡ν k,µ,τ (δ) (mod e P ). Recalling Proposition II.3.3 in [16] ,
.
Hence we conclude that p has inertia degree 1 in Z k 1 /k,µ,τ /k and thus it is the norm of a prime ideal in Z k 1 /k,µ,τ , i.e., by Proposition 1.10, its class is in W (k, Z k 1 /k,µ,τ ). The proof of the inclusions
is trivial, using Lemma 2.4 and the fact that E k,µ,τ ⊇ E k,µ,τ (l) .
Realizable classes for A ′ -groups of odd order
The next definition is technical; it will be used to make an induction argument over the order of G possible. 
is in R t (k, G).
For any tame G-extension K/k of number fields, for any prime ideal
p of k and any rational prime l dividing its ramification index e p , the class of the ideal p
, the class of
4. G is such that for any number field k, for any class x ∈ R t (k, G) and any integer n, there exists a tame G-extension K with Steinitz class x and such that every non trivial subextension of K/k is ramified at some primes which are unramified in k(ζ n )/k.
Our aim is to prove that A ′ -groups of odd order are good; but first of all at this point we need the following easy lemma. Proof. Let I be the Z-ideal generated by the integers l − 1, for all the primes l|e. Then e ≡ 1 (mod I), since it is the product of prime factors, each one congruent to 1 modulo I. Hence e − 1 is a multiple of the greatest common divisor of the integers l − 1 for l|e.
In particular for any prime l ∤ e, there exists an l 1 |e, such that the power of l dividing (l 1 − 1) 
Proof If G either has odd order or has a noncyclic 2-Sylow subgroup, i.e. α k 1 /k = 1, then we conclude by the hypothesis that G is good, by Lemma 2.14 and by the fact that any prime dividing e P is odd.
We now assume that G is of even order with a cyclic 2-Sylow subgroup. Again using Lemma 2.16 we can find some c p,l such that
We know that p 
Lemma 2.18. Under the same hypotheses as in the preceding lemma, if l|e p e P , the class of p
and, if 2 divides (l − 1)
Proof. If l divides e p the result is an obvious consequence of the fact that G is good. For l|e P we conclude by Lemma 2.14.
Now we can prove the following theorem.
Theorem 2.19. Let k be a number field and let G be a good group. Let H = C(n 1 ) × · · · × C(n r ) be an abelian group of odd order prime to that of G and let µ be an action of G on H. Then
where E k,µ,τ is the fixed field of G k,µ,τ in k(ζ o(τ ) ),
G k,µ,τ = g ∈ Gal(k(ζ o(τ ) )/k) : ∃g 1 ∈ G, µ(g 1 )(τ ) = τ for any g ∈ Gal(k(ζ o(τ ) )/k). Furthermore G = H ⋊ µ G is good.
Proof. Let x ∈ R t (k, H ⋊ µ G); then x is the Steinitz class of a tame extension (K, k 1 , k) of type µ and it is the class of a product of elements of the form Hence it is contained in
by Lemma 2.17 and the fact that the last expression is a group. Hence Of course the above arguments can be used to calculate R t (k, G) explicitly for a given number field and a given A ′ -group of odd order. Now we recall the following well-known lemma. In particular it follows that 2 ∤ d(k( √ α)/k), i.e. 2 does not ramify in k( √ α)/k and so the extension is tame.
Proposition 2.25. Let k be any number field, then R t (k, C(2)) = cl(k).
Further C(2) is a good group.
Proof. Let x ∈ cl(k) be any ideal class and let q 1 and q 2 be prime ideals in it, which are in the same ray class modulo 4. Thanks to Proposition 1.7, we can choose a prime ideal q 0 in the ray class modulo 4, which is inverse to that of q 1 and q 2 . By construction, q Now it is trivial to see that C(2) is good.
Finally we can also use Theorem 2.19 to prove the following result about dihedral groups.
